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Solutions of the  p r o b l e m  of hea t  conduc t i on  with boundary  condi t ions  

of the  first, second,  and  th i rd  kinds are ob ta ined  for an  inf in i te  p l a t e  

exposed to one of the  fo l lowing  inf luences :  ins tan taneous  poin t  hea t  

source,  i n i t i a l  t e m p e r a t u r e  c o n c e n t r a t e d  at  a po im,  or ins tan taneous  

po in t  a c t i o n  of a m e d i u m  at  its sur face .  

G r e e n ' s  funct ions of the  p r o b l e m  of hea t  conduct ion 
for  p l a t e s  and f la t  she l l s .  Let  a homogeneous  i s o t r o p i c  
p la t e  be hea t ed  by  i n t e r n a l  hea t  s o u r c e s .  The t e m p e r a -  
tu re  at  any  point  of the  p la te  is  given by  the equat ion  

0e  
- -  - AO = % (a, ~, ~, ~) (1)  
O T  

and the b o u n d a r y  condi t ions  

O0 
- -  a 1 ~ + b x 0 = . 1  (a ,  [~, t )  at V = O; 

O0 
a~ ~ + b ~ O = , 2 ( a ,  [~,t) at  ? = I ;  

O(a, [~, y, x ) = % ( a ,  1~, y) at  t = O .  (2) 

Equat ion (1) is  a l so  a p p l i c a b l e  to t h i n - w a l l e d  f la t  
s h e l l s  [2]. 

We wil l  f ind the  d i s t r i b u t i o n  of t e m p e r a t u r e  0* in 
the  p la te  when the funct ions  r  a r e  g iven in the fo rm 

,o  (a, ~, ,,,, ~) = 6 (~ - -  ao) 6 (l~ - -  I~') 6 (,~ - -  ~o) 6 (t);  
(I o 

1'1 (a, I~, 0 = 6 ( a - -  ~ , )  6 (13 - -  IY) ~ ('0; 

*2 (~, ~, "0 6 (~ - -  a.~) ~ (~ _ ~,) 6 (t); 
12 2 

% (,~, ~, v) = ~ (a  - a~) ,~ (~ _ t~') ~ (~' - ~s). 
~3 

We r e p r e s e n t  6(/? - fir) in s e r i e s  fo rm:  

= - -  ~ cos m (13 - .~'), 

and, c o r r e s p o n d i n g l y ,  w r i t e  

0 " =  I E - -  r~ 
m=0 

era0;, cos  m (1~ - t~')- (3) 

The coefficients O* satisfy the equation 
ITl 

O0 m 1 0 { O0: ] m 2 O~O'., 
O t  a Oa ka - 5 - d - }  + a 2 Ov ~ 

_ ~ (a  - %) ~ (~ _ u 8 (t)  
11 o 

(4) 

and the boundary conditions 

0 0* 6 (a - -  al) 
m _ 6 (x) at ,/= 0; - -  al - ~  + bl O~ al 

O 02, ~ (a  - -  a~) 
a 2 ~ + b 2 O; 6 (x) a t  V = 1; 

(12 

0~(a y, t ) =  8 ( a - - a ~ )  8 ( u  at  x = 0 .  
~3 

(5) 

To solve  Eq. (4) we use  Doetseh i n t e g r a l t r a n s f o r m s  
[3] with r e s p e c t  to the v a r i a b l e  7 and Hankel  t r a n s -  
f o r m s  with  r e s p e c t  to a .  We denote the double t r a n s -  
f o rm  of 0 *  by  @ran, i . e . ,  

w h e r e  
J Ora n =- a J m ( u a ) d a  O*mZn('~')d Y, 

o o 

Z~ (I?) = A,, cos ~t~y + B. sin Ixn'~ 

a r e  so lu t ions  of the  p r o b l e m  

2 z;;.(v) + ~,,z,, (,~) = o (6) 

with the  fol lowing bounda ry  condi t ions :  

- -  a lZ '~  (o) + blZ. (0) = o; 

a2Z'n (1) + b~Z,, (1) = O. (7) 

The d e t e r m i n a n t  of s y s t e m  (7), equa ted  to z e r o ,  
g ives  the  c h a r a c t e r i s t i c  equat ion for f inding the  e i g e n -  
values p~: 

lg ,u n = Ixn (a2bl + b2al)/(ala2 ~2n - -  bibs). (8) 

Inves t iga t ion  shows that  the p r o b l e m  does  not have 
2 =  z e r o  e igenva lues  #n 0, excep t  fo r  the c a s e  of b 1 = 

= b 2 =  0. 
We f ind the coef f i c ien t s  An and B n f r o m  (7) and a l so  

f r o m  the  n o r m a l i z a t i o n  condi t ion  

1 

; Z~(y)d y = 1. 
0 

Af te r  eva lua t ion  we obta in  

B~= 
2b 2 Ca 2 , 2 .a- b 2 

i ~ 2/'~rt ~ 2) 
--'-- 2 2 (a ,  ~ .  + b~) (a~ ~ Ixn + b2) + (ala , I.t~ + bib2) (a~b~ + b.zat) 

An alan B~ for  n > l ;  
bl 

B0 = 0; 

1 at  b l = b  2 = 0 ;  
A~ = 0 o t h e r w i s e .  
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Multiplying express ion  (4) and the last  of Eqs. (5) 
by the kernel  of the t r a n s f o r m  and then integrat ing 

0-0 

0.04 "~ 

0.03 

o a2 O# o.# a.~ y 
Fig. 1. Distr ibution of t empera tu re  
field over  th ickness  of plate: 1) at 
T= 0.01; 2) 0.05;3) 0.1; 4) 0.5; 5)~o. 

within the co r respond ing  l imits ,  we have 
2 

dd,~Oma + (u 2 + p,~) 0,~,~ = Z Q(Yi)Zn(Y~)J'n(uaz)~('O' 
i=O 

0,,,, (0) ---- J,, (u %) Z n ('ya). 

Here,  we have taken into account  the fact  that  

1 2 

Z, (u d V = q (r,) Z,(v,) - 8 (x) --  
0 f= 1 (~l 

I 

=S 0* 
0 

The solution of Eq. (9) will be 
3 

O " " =  E 
ci (Yi)Zn (u Jm(u ai) exp [-- (u ~ + F~) ~1' 

/=0 

where 

t ?  at a~=#0; 
ci (u ---- d 

--l)i§ ' ~  at a i = 0 ;  
t dy~ 

a o = a a = l ;  ~ l = 0 ;  y~==l. 

The inverse transformation gives 

3 

9~----- E q (u Z. (u Z. (y) exp (-- ~ x) X 
i=0 

X f uJ~ (u at) Jm (u a) exp (-- u ~ x) du. 
0 

Using the fo rmula  for  the addition of cy l indr ica l  
funct ions,  we sum O* , in acco rdance  with (3), and 

ro 
a f te r  in tegra t ion  obtmn 

3 

where  

r 

• E c, (%) Z. (y) Z. (~t) exp (--1%~ x); 
,'1~0 

= ~ - -  2 ~ ,  cos (1~ - -  V) R~ V - ~  ~ + ~ . 

(9) 

00) 

(l l )  

Results (11) can be used in an arbitrary coordinate 

system on the surface of the plate (T = 0), if it is kept 
in ~ mind that R is the distance between the center of 
action and the instantaneous point. In particular, in 

a Cartesian coordinate system R i = [ (x - xi) 2 + (y _ 
-- yi)2]1/2 o 

Each individual solution G i gives the t empe ra tu r e  
field in the plate due to just one factor: concentrated 
instantaneous heat source (i = 0), concentrated instan- 

taneous action of the medium at the surfaces of the 

plate (i = i, 2), concentrated action of the initial tem- 

perature (i = 3). 
Solutions (11) may be regarded as Green's functions 

of the problem (I), (2), which can be used to solve that 

problem for an arbitrary distribution of heat source 

intensity and arbitrary boundary conditions given by 

the functions ~i: 

i 2~ I 

0 0 0 

• %, [3, ~', ~, ~o, x')• l~', ~-- -d)dx '+  
0 

+ S e 8' 6i( , y,, r215 
i ~ l  0 0 0 

X~/ ( (Z / ,  ~ ' ,  T - - ' ( ) d % ' +  ( 2 a d f l a  S d ~ ' x  
o o 

x ;03(a ,  u3, ~, ~', y, ?~, ,)x,~(u~, ~', y~)dy~. (12) 
0 

We note that  resu l t  (12) can be obtained ma themat i ca l ly  
f r o m  Eq. (1) for  homogeneous  boundary  conditions (2) 
if the heat source  intensi ty  is given by a specif ic  func-  
t ion, i . e . ,  

00 
- - -  ~0 = , o  (a, ~. ~, , ) +  
0r  

2 

+~, c,(v)~p,((~, ~, ~)8(~--~i)+8(~)r ~, ~); 
i = l  

00 --a l~-~-+bx0=0 at y=0;  

00 a.2 ~-X +b .20=0  at x = l ;  

0(a, ~, y, x ) = 0  at z = 0 .  

Consequently,  p rob lem (1), (2) r educes  to the p r o b -  
lem with homogeneous  boundary  condit ions.  This r e -  
sult can be fo rmula ted  as  follows: the act ion of the 
medium on the plate is equivalent to heat sources (if 

a i a 0) or dipoles (if a i = 0) distributed over the sur-  
faces of the plate, and the action of the initial tempera- 
ture is equivalent to instantaneous heat sources acting at 
the initial instant inside the plate. This conclusion was 
reached in [4] in the case of the one-dimensional problem 
with boundary conditions of the first kind (ai = 0). 

Our method employing Doetsch integral transforms 

gives the solution in the form of series in eigenfunc- 
tions, these series converging absolutely and uni- 
formly in all closed regions on the interval (0, 1). 

The constants al, a2, bl, b2 in boundary conditions 
(2) may take arbitrary nonnegative values, i.e. , ex- 
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p r e s s i o n  (12) may give a solut ion of Eq. (1) for bound-  
a ry  condit ions of the f i r s t ,  second,  or t h i rd  kind on 
each of the boundary  sur faces .  If we take i = 0 in (11) 
and cons ide r  the cases  a 1 = a 2 = 0, b 1 = b 2 = 0 and al  = 
= a2, b 1 = b2, we obtain the known [5] solut ions  for i n -  
s tan taneous  point heat sou rces .  

In tegra t ing  (11) with r e spec t  to fi f rom 0 to 2% we 
obtain  the G r e e n ' s  function of the a x i s y m m e t r i c  p r o b -  
lem 

G i (a, a i, "0 =~-~  exp 4~ ] X 

X Io I ~ - - )  E c'(~i)Z"(~)Z"(y3exp(--":x)" 
n~O 

In the p a r t i c u l a r  ease  of i = 1 and al  = aa ; 1 ,  b 1 = 
= b 2 = 0, this fo rmula  coincides  with that given in [9]. 

A x i s y m m e t r t c  p rob lem.  Normal  d i s t r ibu t ion  of heat  
sou rce  in tens i ty .  We wil l  cons ide r  the p rob lem of de -  
t e r m i n i n g  the t e m p e r a t u r e  f ield in  a plate that  is heated 
by heat sou rces  with an in tens i ty  given with r e spec t  to 
the c~ coord ina te  by a Gauss ian  d i s t r ibu t ion  law, i, e . ,  

% ta. 7) = cp (~/) exp (--  a~/4k~). (13) 

We a s s u m e  that  the fo rm of the boundary  condi t ions  
is a r b i t r a r y ,  but for s imp l i c i t y  cons ide r  that  the func-  
t ions  $1 and ~2, c h a r a c t e r i z i n g  the act ion of the medium 
on the su r f ace s  of the plate ,  a re  cons tan t  and that b e -  
fore the p roce s s  begins  the co r r e spond ing  s t a t i ona ry  
r e g i m e  has been es tab l i shed ,  i . e . ,  

.~ = const, 1& = const, 

*~ (~, 13, 7) = Oo (~) = 

= .~ [b~ (1 --- 7)+a2] + ,2 (bt Y + a~) 

btb2 + a~bl + b2al 

Now, us ing  Eq. (12), we obtain 

co 

0 - -  0 o (7) = kS ~ Z,  (y) q~ (~,) exp ( ~  k ~) • 
n=O {(o )} 

x J, ~ ,  Fnk --S, 2 ] / - ~ - - ~ '  F n g k ~  ' (14) 

where  
1 

, (~.) = , !  ~ Wo) z~ (~o) dvo. 
0 

Here ,  Jn(X, y) denotes  the i n t eg ra l  

Jn (x, y) = exp y~u 
/$ U n 

1 

Expanding exp (-x2/u)  in the in t eg rand  in s e r i e s ,  we 
can r e p r e s e n t  the funct ion Jn(x,  y) in the fo rm 

c~ 
Z X2 m 

]~(x, v) = ( - -  i)m m! E~+"(g~)" (15) 
m = 0  

The funct ions  Era+ . (y2) = ,  exp (--  y2u) u "+m 

uiated in [6]. 1 

- -  were  t a b -  
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At la rge  values  of x, when s e r i e s  (15) converges  
slowly, by using the asymptot ic  expansion of Em+n(y 2) 

8-___e [ T j 
v t i 

, Z"--4 

Y 82 0.o 0,8 a8 cr 

Fig. 2. T e m p e r a t u r e  d i s t r ibu t ion  at 
sur face  of plate: 1 -5)  see Fig. 1. 

[6] we can obtain the following fo rmulas  for comput ing 

Jn(x, y) (n = 0,1): 

J0(x, Y ) = 2  x KI (2xg) - -  exp(--x 2 - 9 2  ) x 
y x e 

f y ~ - 2  1 x 1+  x 2 k x4 + O ( x  -s) ; 

dl (x, g) 2 Ko (2 xy) exp ( - -  X 2 - -  y2)  
X 2 

• 1 + x 2 } - -  4re + 2 x ~ + 0 (x -e) �9 

We have ca lcu la ted  the t e m p e r a t u r e  field in a plate 
f rom Eq. (14) for the case  when at one sur face  ( ' /= 0) 
we a re  given heat exchange with a med ium at t e m p e r a -  
tu re  0 0 c h a r a c t e r i z e d  by the Blot n u m b e r  b 1 = el/X = 1, 
and at the other (T = 1) the t e m p e r a t u r e  00. Consequent ly ,  
b l = b  2 = a  1= 1, a 2= 0, $1= r $3=00. The law of 
va r i a t ion  of heat  source  in tens i ty  over  the th ickness  
of the plate is exponent ia l ,  i . e . ,  q)(7) = Vexp (-7T), 
and the coeff icient  k in (13) is taken equal to 0.5. 

F igure  1 shows the d i s t r ibu t ion  of the t e m p e r a t u r e  
f ield over the th ickness  of the plate at the cen te r  of 
heat ing (~ = 0), and Fig.  2 the t e m p e r a t u r e  d i s t r i b u -  
t ion at the sur face  of the plate (7 = 0). We note tha t  
the va r i a t i on  of t e m p e r a t u r e  along the rad ius  of the 
plate is  much  smoother  than the d i s t r ibu t ion  of heat  
source  in tens i ty .  

The p rob lem cons ide red  c o r r e sponds  roughly  to 
the act ion of a beam of pene t r a t ing  r ad ia t ion  (par t ic le  
flux) n o r m a l  to the sur face  of the plate ,  when the 
rad ia t ion  in tens i ty  in the beam v a r i e s  accord ing  to a 
n o r m a l  law [7] and the heat r e l e a s e  in the i n t e r i o r  of 
the plate is d e t e r m i n e d  by the funct ion ~0(y). 

Un i fo rm c i r c u l a r  d i s t r i bu t i on  of heat  sou rce  i n t e n -  
si ty.  When the beam of r ad ia t ion  is s t rong ly  c o n c e n -  
t r a t e d  it is m o r e  ra t iona l  to cons ide r  that  the in t ens i ty  
of the sou rces  is  un i fo rmly  d i s t r ibu ted  over  a c i r c l e  
of rad ius  a [9]: 

,o(a , , ) = t ~ ( , )  at a < a ,  (16) 
/o at  a > a .  

A s s u m i n g  that the boundary  condi t ions  r e m a i n  as 
be fore ,  and applying fo rmula  (12), we obta in  

0(a, y, z ) - - 0 0 ( y ) =  (17) 
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1 

), a ~ ~t2x, ) d__T_, (17) 
4x' n x (cont'd) 

n=0 

x i P(a,  ~ ' , a ) e x p (  . . . .  
0 

where  the i n t e g r a l  

P ta ,  z', a ) ~ S  

0 

a~ ( - - - ~ C ]  I~ \~7- ,  ./ duo 

is  c a l l e d  the P function. A tab le  of va lues  of th i s  func-  
t ion is g iven in [8]. 

0-00 r i 

0.0/~ [- 

i i 

,, I 

0 0.2 o// 06 0.8 7 

F ig .  3. CaIcu la t ion  of t e m p e r a t u r e  
f i e ld  of p la te :  1 -5 )  s ee  Fig .  1. 

As  r ~ =o, e x p r e s s i o n  (17) can be  s i m p l i f i e d :  

oct ,  v, ~ ) - - o o ( v ) = ~  z ~ ( y ) ~ ( ~ . ) x  
tt~O 

N 2 

-t- a 11 Ca I~) K0 (ap.~) n (a - -  a)} ; 

at  a = 0, when P(0, r ' ,  a) = 2~-' [1 - exp ( -a2 /4r ' ) ] ,  

0 C0, v, x) - -  0o h') = 

Z. (y)~-~n)[  1 -  exp !~2n x) a Ki (a Ixn)-~ 

,,=o~ L I~,~ I~,~ 

Equat ion (18) was u sed  to c a l c u l a t e  the t e m p e r a t u r e  
f i e ld  of a p ia te .  The n u m e r i c a l  data  w e r e  taken  f r o m  
the p r e v i o u s  p r o b l e m  and the r a d i u s  a was  t aken  equal  
to  2k, s t a r t i n g  f rom the condi t ion  that  the  amount  of 

hea t  r e l e a s e d  in the pla te  is  the s a m e  for d i s t r i bu t ions  
(13) and (16). The r e s u l t s  of the ca lcu la t ion  a r e  p r e -  
sen ted  in Fig.  3. 

As m a y  be seen  f rom the g raphs ,  the t e m p e r a t u r e  
at  the c e n t e r  of heat ing for  a un i fo rm c i r c u l a r  d i s -  
t r i bu t ion  of heat  s o u r c e  in tens i ty  is  somewha t  g r e a t e r  
than for  a n o r m a l  d i s t r ibu t ion .  The shape of the t e m -  
p e r a t u r e  d i s t r i bu t ion  c u r v e s  i s  roughly  the s a m e  in 
both c a s e s :  they have a m o r e  or  l e s s  c l e a r l y  e x p r e s s e d  
m a x i m u m  whose height  and loca t ion  v a r y  with T. 

We note that  s i m i l a r  p r o b l e m s  for  nonpene t ra t ing  
r ad i a t i on  (i. e . ,  in the absence  of i n t e rna l  heat  s o u r c e s )  
w e r e  i n v e s t i g a t e d  by  S t i cke r  [9]. 

NOTATION 

0 is  the t e m p e r a t u r e ,  0o i s  in i t i a l  t e m p e r a t u r e  ; r ,  ~ ,  
and z a r e  the c y l i n d r i c a l  c o o r d i n a t e s ;  a = r / l ,  fl = 
= ~o, T = z / l  a r e  the d i m e n s i o n l e s s  c o o r d i n a t e s ;  l is  
the t h i cknes s  of p la te ;  T = ~ t / l  2 is the F o u r i e r  number ;  
t i s  t ime ;  ~ is  t h e r m a l  d i f fus ivi ty ;  k is  t h e r m a l  c o n -  
duct iv i ty ;  e is  the hea t  t r a n s f e r  coef f ic ien t ;  ~0 {a,fi ,% T) = 
=(12/X)W(~,[3,T,T); V =  C/z/X)W; W(a,/3 , T, T) is  heat  
sou rce  in t ens i ty ;  EnCY) i s  the  in t eg roexponen t i a l  func-  
t ion;  6(x - xl)  i s  the Di rac  function; A is the Lap lace  
o p e r a t o r  in c o o r d i n a t e s  a, /3,  y;  Jn(x) is  the B e s s e l  func-  
t ion;  In(x) and K n ( x ) a r e  modi f ied  B e s s e l  func t ions ;  

~0.5,  t n - ~ 0  ~(a__a)= {1, a > a  
e r n =  [1,  m>~ 1, 0, a< a. 
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